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Abstract 

We introduce the fc-generalized gamma function Tk, beta function Bk, and Pochhammer 
fc-symbol (x) n> k. We prove several identities generalizing those satisfied by the classical gamma 
function, beta function and Pochhammer symbol. We provided integral representation for the 
Tk and Bk functions. 

1 Introduction 

The main goal of this paper is to introduce the fc-gamma function which is a one parameter 
deformation of the classical gamma function such that — ► T as k — > 1. Our motivation to 
introduce comes from the repeated appearance of expressions of the form 

x(x + k)(x + 2k)...(x+(n-l)k) (1) 

in a variety of contexts, such as, the combinatorics of creation and annihilation operators jlj, [H] 
and the perturbative computation of Feynman integrals, see [3]. The function of variable x given 
by formula (0) will be denoted by (x) n ,fcj and will be called the Pochhammer fc-symbol. Setting 
k = 1 one obtains the usual Pochhammer symbol (x) n , also known as the raising factorial |10| . 
It is in principle possible to study the Pochhammer fc-symbol using the gamma function, just as 
it is done for the case fc = 1, however one of the main purposes of this paper is to show that it is 
most natural to relate the Pochhammer fc-symbol to the fc-gamma function to be introduce in 
section |2 is given by the formula 

^ / n , n!fc n (nfc)^ _1 , _ , „, 

F k (x) = lim -V^ , fc>0, xeCxfcZ". 

n-^co {X) ni k 

The function restricted to (0,oo) is characterized by the following properties 1) r^(x + fc) = 
xTklx), 2) Tfc(fc) = 1 and 3) Tfc(x) is logaritmically convex. Notice that the characterization 
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above is indeed a generalization of the Bohr-Mollerup theorem Just as for the usual T the 
function T k admits an infinite product expression given by 

oo 

nsr n ((!+£)•-*)■ (2) 

n=l 

For Re(x) > 0, the function is given by the integral 

/•CO 

T k (x) = / t^e-Trdt. 
Jo 

We deduce from the steepest descent theorem a ^-generalization of the famous Stirling's formula 

T k (x + 1) = (2ir)? (kx)~^ x 2 ^ e~% +0 (^\, for x £ R + . 

It is an interesting problem to understand how the function T k changes as the parameter k varies. 
Theorem^Jon section |2] shows that the function ip(k, x) = log 1^(2;) is a solution of the non-linear 
partial differential equation 

-kx 2 d 2 x ij) + k 3 dfy + 2k 2 d k ^ = -x(k + 1). 

In the last section of this article we study hypergeometric functions from the point of view of the 
Pochhammer /c-symbol. We /c-generalize some well-known identities for hypergeometric functions 
such as: for any a £ C p , k £ (R+) p , s £ (M + ) q , b = . . . , b q ) £ C q such that b t £ C \ sjr the 
following identity holds 

P+ 1 -, r P+ 1 4 J / 00 1 (-rt kl f k P+ 1 \n\ 

where (b) n ,s = (h)n, Sl ■ ■ ■ (bq)n,s q , dt = dti...dt p+ i, p < q, Re(aj) > for all 1 < j < p + 1, 
and term-by-term integration is permitted. Our final result Theorem provides combinatorial 
interpretation in terms of planar forest for the coefficients of hypergeometric functions. 

2 Pochhammer /c-symbol and fc-gamma function 

In this section we present the definition of the Pochhammer fc-symbol and introduce the fc-analogue 
of the gamma function. We provided representations for the T k function in term of limits, integrals, 
recursive formulae, and infinite products, as well as a generalization of the Stirling's formula. 

Definition 1. Let x £ C, k £ R and n £ N + , the Pochhammer k-symbol is given by 

(x) n ,k = x{x + k)(x + 2k) . . . (x + (n — l)k). 
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Given s,n G N with < s < n, the s-th elementary symmetric function x^ . . . Xi s 

l<ii<-<i s <n 

on variables xi, . . . ,x n is denoted by e"(xi, . . . ,x n ). Part (1) of the next proposition provides a 
formula for the Pochhammer fc-symbol in terms of the elementary symmetric functions. 

Proposition 2. The following identities hold 

n—l 



1- {x) n , k = J2 e s~Hh2, ■ ■ ■ ,n- l)k s 



d 

2. 7^(x) n>fc = ^2 s(x) Stk (x + (s + l)k) n -i-8,k- 



s=0 

n-1 



3=1 



Proof. Part (1) follows by induction on n, using the well-known identity for elementary symmetric 
functions 

e^~ 1 (x 1 , . . .,x n -i) + ne n s Z\{xi, . . . ,x n _i) = e™(xi, . . .,x n ). 
Part (2) follows using the logarithmic derivative. □ 

Definition 3. For k > 0, the k-gamma function r& is given by 

n!fc n (nfc)E -1 
Tk(x) = lim — , x G C \ fcZ . 

n-oo (x)„ >fc 

Proposition 4. Given x G C \ fc, s > anrf n G N + , £/ie following identity holds 

(t), 

/•oo t fc 

Proposition 5. For x G C, Re(x) > 0, we have r^(x) = / t x e~k~dt. 



i. i;,(.r) - ['fr "rj— ^1 



Proof. By Definition |31 



I\(x)= / t x - 1 e~^dt= lim / 1-— i*- 1 *. 



(njfc)* / ifc \ n 



i 

Let A ni i(x), i = 0, . . . ,n, be given by A^^x) = y \l- — \t x ~ 1 dt 
The following recursive formula is proven using integration by parts 



i 

An,i(x) = A n i—\(x + k). 
nx 
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Also, 



i 



{nk) ~ k ink)l 



A n o(x) = / t x ~ L dt 

Jo x 

Therefore, 

n\k n (nk) fc^ 1 



and 

n\k n (nk) k^ 1 



T k (x) = lim A nin (x) = lim 



□ 



/•OO t 2 

Notice that the case k = 2 is of particular interest since ^(a?) = / t x ~ 1 e~~ dt is the Gaussian 

■/ o 

integral. 

Proposition 6. The k-gamma function T k (x) satisfies the following properties 

1. T k (x + k) = xT k (x). 

T k (x + nk) 
* [X)n > k ~ T k (x) ■ 

3. T k (k) = 1. 

4- r^(x) is logarithmically convex, forx £ M. 
5. r fc (x) = af / t x - 1 e->r a dt, for a £ M. 

JO 



a: x 



nfflH rl e nfcN ) where 7 = lim (1 + • • • H log(n)). 



1 k {x) J -_^ v\ nfe/ / n— >oo n 



7. r fc (x)r fc (A;-x) 



7T 



sm 



(if) 



Proof. Properties 2), 3) and 5) follow directly from definition. Property 4) is Corollary 1121 below. 
1), 6) and 7) follows from T k (x) = A;fe _1 r • 

□ 

Our next result is a generalization of the Bohr-Mollerup theorem. 

Theorem 7. Let f(x) be a positive valued function defined on (0, 00). Assume that f(k) = 1, 
f(x + k) = xf(x) and f is logarithmically convex, then f(x) = T k (x), for all x £ (0,oo). 



4 



Proof. Identity f{x) = T^ix) holds if and only if lim - ^ n,k ^ x \ = 1. Equivalently, 

n ^°° n\k n (nk)k 1 



lim log ( ^ )n ' k ) + log(/(x)) = 0. 
n-»oo \n\k n (nk)h 1 J 



,nlk n (nk) fc~ 

Since / is logarithmically convex the following inequality holds 



1 f f(nk + k) \ 1 / f( nk + k + x) \ 1 / /(nfc + 2fc) \ 
A; ° g V /(nfc) / ~ x ° g V fink + k) ) ~ k° g \ f(nk + k) J ' 



As /(a; + fc) = xf(x), we have 



x, . , . , f (x + nk)(x + (n — l)k) . . . xf(x)\ x, 

- Iog(nfc) < log ^ ^ Aij < - log((n + 1)*) 

log(nfc)! < log ( (x + nfc)( " + ( re r ;- w 1)A:) --- a:/(x) ) < Iog((n + l)fc)t 

— 

< lp 1 + + ( n ~ ■ • • X f( X )\ < y ( ( n + 1)^ A fc 



(nk)kn\k n J \ nk 

, (x + nk)(x + (n — l)k) . . . xf (x)\ , , /(n + l)A;Nfc 
< lim log - - y — — J -—t < lim log ' v 



Since 



we get 



(nk)knlk n J n ^°° \ nk 



, (n + l)k\ k x , 

j™>«( L -^r-) =^io g (i) = o, 



, (x + nk)(x + (n — l)fc) . . . x\ 
°- R ' nfc)f n!fc" ' +]<>«(./ (.<■), < ■(). 



Therefore, /(x) = Tk(x). □ 

A proof of Theorem |H1 below may be found in [Z|. 

Theorem 8. Assume that f : (a, b) — ► K, wrai/i a, 6 £ [0, oo) attains a global minimum at a unique 
point c £ (a,b), such that f"(c) > 0. Then one has 

/ g(x)e — —dx = h2e- — V^-p=f=+0(h). 
J a v/"( c ) 

As promised in the introduction, we now provide an analogue of the Stirling's formula for IV 
Theorem 9. For Re(x) > 0, the following identity holds 

T k (x + l) = (2ir)^(kx)~^x^e~^ +o(-J. (4) 
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f°° -t± I 
Proof. Recall that T k (x + 1) = / t x e k dt. Consider the following change of variables t = x>*v, 

Jo 

we get 



x + 1 

X fe 



Let f{s) = £ - log(s). Clearly f'(s) = if and only if s = 1. Also /"(l) = k. Using Theorem|El 
we have 

i 



r° . _(^ J (2tt)2 _ £ /i\ 

/ u^e k dv = - — —e k + O - 
(for) 3 W 



(foe) 

thus 



i 



„ / x (2vr) 2 x+ i x ( 1 
(foe) 2 \ x 



□ 



Proposition an d Theorem ^2 bellow provide information on the dependence of on the 
parameter k. 

Proposition 10. For Re(x) > 0, the following identity holds 

1 1 f 00 t k 

d k T k {x + 1) = ^T k (x + k + l)--j t x+k log(t)e-*-£ft. 

Proof. Follows from formula 

f'OO i, 

T k (x + 1) = / t x e~ l -dt. 
Jo 

□ 

Theorem 11. For x > 0, t/ie function ip(k,x) = logT k (x) is a solution of the non-linear partial 
differential equation 

-kx 2 d^ + A; 3 dfV + 2k 2 d k ip = -x{k + 1). 



Proof. Starting from 



oo 

X 



T k (x) VV n/c 

v ' n=l 
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The following equations can be proven easily. 

oo 

ip(k,x) = - log(x) + - log(fc) - -7 - V log 1 + — J - 

k k \ \ nk/ nk 

n=l 

1 , log(fc)- 7 1 1\ 
d x ip(k,x) = — + > — — — -J. 

x k \x + nk nk J 

n=l x ' 



1 

(x + n/c) z 



n=0 



**(*,«) = p((i-i°^+7) + f;(^4) 



oo o 
X \ -> X 



^— ' fx + n/c) 

n=l ' 



2 ' 



□ 



The third equation above shows 
Corollary 12. The k-gamma function T k is logarithmically convex on (0, oo). 

We remark that the g-analogues of the /c-gamma and /c-beta functions has been introduced in 

0. 

3 /c-beta and /c-zeta functions 

In this section, we introduce the /c-beta function B k and the /c-zeta function £ k . We provide explicit 
formulae that relate the /c-beta B k and fc-gamma T^, in similar fashion to the classical case. 

Definition 13. The k-beta function B k (x,y) is given by the formula 

B k (x,y) = T ^f I } ( -^ , Re(x)>0, Re(y) > 0. 
Lk(x + y) 

Proposition 14. The k-beta function satisfies the following identities 

1. B k [x,y)= / t x -\l+t k )-^dt. 

Jo 

1 f 1 

2. B k (x,y) = -J t-*-\l-t)l- l dt. 

3. B k{x ,y) = \B(H). 

4 Bk t x y \ = ( x + y) i r nk ( nk + x + y) 
1 X U ( n k + x)(nk + y) 
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Definition 15. The k-zeta function is given by Ck{x, s) = -. for k, x > and s > 1. 

ix ~f~ nk) 



n=0 



Theorem 16. The k-zeta function satisfies the following identities 
1. Ck(x,2) = d 2 x (logT k (x)). 



2- %(d.Ck) 



s=0 



-a>(iogr*(x)). 



3. dr(k(x,s) = -x(s) m J2 



n" 



n=0 



(x + nk) 



m+s ' 



Proof. Follows from equations 

d s (k(x,s) 
d x (d s ( k (x,s)) 
dl(d s ( k (x,s)) 



s=0 



s=0 



s=0 



^2 log (a; + nk). 



n=0 

oo 



y 1 , 

^— ' (a; + nk) 



n=0 



E 

ri=0 



(x + n/c) 2 



□ 



4 Hypergeometric Functions 

In this section we strongly follow the ideas and notations of [Q. We study hypergeometric functions, 
see and [H] for an introduction, from the point of view of the Pochhammer fc-symbol. 

Definition 17. Given a G C p , k G (M+)P, s G (R + ) q , b = (h, . . . ,b q ) G C q such that bt G CNfliZ - . 
The hypergeometric function F(a, k, b, s) is given by the formal power series 



F{a,k,b,s)(x)=f2 



(oi)n,fci(°2)n,fe 2 • • • ( a p)n,k p x n 
^ (6l)n,ai (62)^2 ■■■(b q ) n , lSq n\ 



(5) 



Given x = (x\, . . . , x n ) G M n , we set x = x\ . . . x n . Using the radio test one can show that 
the series © converges for all x if p < q. If p > q + 1 the series diverges, and if p = q + 1, 



it converges for all x such that \x\ < 



si 



Am 



-. Also it is easy to check that the hypergeometric 



hi ... lip 

function y{x) = F(a, k, b, s)(x) solves the equation 

D{s\D + b\ — si) . . . (s q D + b q - s q )(y) = x{k\D + a\) . . . (k p D + a p )(y), 



where D = xd x . 
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Notice that hypergeometric function F(a, 1, b, 1) is given by 

oo 

F(a, l,M)(aj) =J2 



n=0 



(ai) n . . . (a p ) n x n 
(bi) n . . . (b g ) n n\ ' 



and thus agrees with the classical expression for hypergeometric functions. We now show how 
to transfer from the classical notation for hypergeometric functions to our notation using the 
Pochhammer /c-symbol. 

Proposition 18. Given a G C p , k G (R + ) p , s G b = (b 1 ,...,b q ) G C q such that bi G 

C \ s{L~ , the following identity holds 

„, w % „ f a b \ ( xk 

F(a,k,b,s)(x) = F I f — 



a 


( ai 


a p \ 


b 


(V. 




k 


W" 


k„J 


J 

s 




S q 



Proof. 

F(a k b s)(x) - V ^k*f! - V ^ f 

( ' ' ' K } ~ h ^ n] ~ h (5)» U ■ ■ ■ * J n! " U ' ' - ' 



S I \ s 



□ 



Example 19. For any a G C, k > anc? \x\ < \, the following identity holds 



00 ( \ 

Y J ( ^x n = (l-kx)-l. (6) 

n=0 n ' 

We next provide an integral representation for the hypergeometric function F(a,k,b,s). Let 
us first prove a proposition that we will be needed to obtain the integral representation. Given 
x = (xi, . . . , x n ) G C™ we denote x<« = (xi, ■ ■ ■ , Xi). 

Proposition 20. Let a,k,b,s be as in Definition \17\ The following identity holds 

F(a,k,b,s)(x) = - , -/ e~ h ^t a "+ 1 - 1 F(a< p ,k< p ,b,s)(x&+ 1 )dt (7) 

1 k p+1 { a P+l> Jo 

when p < q, Re(a p +i) > 0, and term-by-term integration is permitted. 

roo t k P+ 1 



Proof. / e~ 1 ^ r t a v+ 1 ~ l F(a<p,k< p ,b,s)(xt kp + 1 )dt = 
Jo 

poo t k P+ 1 

F(a< p ,k< p ,b,s)(x) / e 1 ^t a ^ +nk ^- 1 dt = T kp+1 (a p+1 )F(a,k,b,s)(x) 
Jo 



□ 
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Theorem 21. For any a,k,b,s be as in Definition \17\ The following formula holds 

1 (xt^ . . . tp^i 



k ■ 

dt, (8) 



F(a, k, b, s)(x) = J] / [J e * t^" 1 ]T 



j=l V- ■ ' - j= i \ n=0 n! / 

w/iere (6)„ )S = (6i) n , si . . . (b q ) n ,s q , dt = dti . . . dt p+ i, p < q, Re(aj) > for all 1 < j < p + I, and 
term-by-term integration is permitted. 

Proof. Use equation (JJJ) and induction on p. □ 
Example 22. For k = (2, 2, ... , 2), the hypergeometric function F(a, 2, b, s)(x) is given by 

P+l -, r P+l t 2 / oo / ,2 j.2 \n\ 



F(a,2,b,s) = H^- / n e ~*ff E ra - x 



where dt = dt\ . . . dt n , {b) n ,s = (^i)n,si • • • {b q ) n ,s q , Re(o 3 -) > /or a/Z 1 < j < p+l and term-by-term 
integration is permitted 

We now proceed to study the combinatorial interpretation of the coefficient of hypergeometric 
functions. 

Definition 23. A planar forest F consist of the following data: 

1. A finite totally order set V r (F) = {r\ < ■ ■ ■ < r m } whose elements are called roots. 

2. A finite totally order set Vi{F) = {v\ < • • • < v n } whose elements are called internal vertices. 

3. A finite set Vt(F) whose elements are called tail vertices. 
I A map N : V(T) -» V(T). 

5. Total order on N" 1 ^) for each v G V(F) := V r {F) U V%{F) U V t (F). 
These data satisfies the following properties: 

• N(rj) = Vj, for all j = 1, . . . ,m and N k (v) = rj for some j = 1, . . . , m and any k » 1. 

• N(V(F)) fl V t (F) = 0. 

• For any rj G V r {F), there is an unique v G V(F), v ^ rj such that N(y) = rj. 

Definition 24. a) For any a,k G N + , k denotes the set of isomorphisms classes of planar forest 
F such that 

1. V r (F) = {n < ■■■ <r a }. 

2. V l {F)={v 1 <---<v n }. 
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3. liV^M =k + lfor all v t G Vi(F). 
4- If N{vj) = Vj, then i < j. 
b) For any a,k £ (N+)* we set G a nk = G a n ) ki x • • • x G^. 
Figure ^ provides an example of an element of Gg 2 







Figure 1: Example of a forest in Go 2 - 



Theorem 25. Given a,k G (N+) p ; 6, s G (N + ) 9 and n G 



5 n 



F(a, k, b, s)(x] 



\G 



a,k I 



2=0 



IG 



6,8 I 



Proof. It enough to show that (a] 



n,k 



\C a 



for any a,k,n G N + . We use induction on n. Since 



(a) 



i,fe 



a and (a) n 



+l,fc 



(a) nj fc(a + n/c), we have to check that \Gf k \ = a, which is obvious from 



Figure [21 and |G^ +1A ,| = |G^ k \(a + n/c). It should be clear the any forest in G^ +1 k is obtained 
from a forest .F in G^ fe , by attaching a new vertex « n +i to a tail of i* 1 , see Figure 01 One can prove 
easily that \V t {F)\ =a + nk, for all F G G a nk . Therefore \G a n+1 ^ k \ = \G* k \{a + nk). □ 




5 

Figure 2: Example of a forest in G 
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Figure 3: Attaching vertex v n+ i to a forest in G a n k 
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